Abstract. In [LV11], Howard's construction of big Heegner points on modular curves was extended to general Shimura curves over the rationals. In this paper, we relate the higher weight specializations of the big Heegner points of loc.cit. in the definite setting to certain higher weight analogues of the Bertolini-Darmon theta elements [BD96] . As a consequence of this relation, some of the conjectures in [LV11] are deduced from recent results of Chida-Hsieh [CH13].
Introduction
Fix a prime p ≥ 5 and an integer N > 0 prime to p, and let f ∈ S k 0 (Γ 0 (N p)) be an ordinary p-stabilized newform of weight k 0 ≥ 2 and trivial nebentypus. Fix embeddings ı ∞ : Q ֒→ C and ı p : Q ֒→ C p , let L/Q p be a finite extension containing the image of the Fourier coefficients of f under ı p , and denote by O L its valuation ring. Let The formal power series f is then uniquely caracterized by the property that for any k ∈ Z ≥2 (in the residue class of k 0 mod p − 1) its "weight k specialization"
σ k (a n )q n gives the q-expansion of an ordinary p-stabilized newform f k ∈ S k (Γ 0 (N p)) with f k 0 = f . Let K be an imaginary quadratic field of discriminant −D K < 0 prime to N p. We write
where N + (resp. N − ) is the product of the prime factors of N which are split (resp. inert) in K, and assume throughout that N − is the square-free product of an odd number of primes.
1 Following Howard's original construction [How07] , the work of the second-named author in collaboration with Vigni [LV11] , [LV14] , introduces a system of "big Heegner points" Q n attached to f and K, indexed by the integers n ≥ 0. Rather than cohomology classes in the big Galois representation associated with f (as one obtains in [How07] ), in our setting these points gives rise to an element Θ alg ∞ (f ) ∈ I[[Γ ∞ ]] in the completed group ring for the Galois group of the anticyclotomic Z p -extension of K.
The construction of Θ alg ∞ (f ) is reminiscent of the construction by Bertolini-Darmon [BD96] of theta elements θ ∞ (f E ) ∈ Z p [[Γ ∞ ]] attached to an ordinary elliptic curve E/Q of conductor N p, where f E ∈ S 2 (Γ 0 (N p)) is the associated newform, and in fact if f E = σ 2 (f ), it is easy to show that σ 2 (Θ alg ∞ (f )) = θ ∞ (f E ) directly from the constructions. In particular, in light of Gross's special value formula [Gro87] (as extended by several authors), one deduces from this equality that σ 2 (Θ alg ∞ (f )) interpolates certain Rankin-Selberg L-values.
More generally, it was suggested in [LV11] that the specializations of Θ alg ∞ (f ) at any even integer k ≥ 2 should yield an interpolation of the central values L K (f k , χ, k/2) for the RankinSelberg convolution of f k with the theta series attached to Hecke characters χ of K of p-power conductor. This is the main question addressed in this paper.
Define L Conjecture 1. Let k ≥ 2 be an even integer, and χ :
The main result of this paper is a proof of Conjecture 1 in many cases, and holds under the "multiplicity 1" Assumption 1.6 below (which was already made in [LV11] for the construction of Θ alg ∞ (f )). Theorem 1. Let k ≥ 2 be an even integer, and let χ :
where λ k and
is a p-adic multiplier, and Ω f k ,N − is Gross's period. In particular, Conjecture 1 holds.
In fact, we prove that a similar interpolation property holds for all characters χ : Γ ∞ → C × p corresponding to Hecke characters of K of infinity type (m, −m) with −k/2 < m < k/2, for which the sign in the functional equation for L K (f k , χ, s) is still +1. As we note in Sect. 5, in addition to establishing [LV11, Conj. 9.14] in the cases of higher weight and trivial nebentypus, the methods of this paper also yield significant progress on the ostensibly deeper conjecture [LV11, Conj. 9.5], which is an analogue in our setting of Howard's "horizontal nonvanishing conjecture" [How07, Conj. 3.4.1]. Theorem 1 is in the same spirit as the main result of [Cas13] , where the higher weight specializations of Howard's big Heegner points and related to the p-adicétale Abel-Jacobi images of higher dimensional Heegner cycles. In both cases, the specializations of the respective big Heegner points at integers k > 2 is mysterious a priori, since they are obtained as p-adic limits of points constructed in weight 2, but nonetheless one shows that they inherit a connection to classical objects (namely, algebraic cycles and special values of L-series, respectively).
Our strategy for proving Theorem 1 relies on the construction of an intermediate object,
, allowing us to bridge a link between the higher weight specializations of Θ alg ∞ (f ) and the special values L K (f k , χ, k/2). Indeed, extending the methods of [BD96] to higher weights, the work of Chida-Hsieh [CH13] produces a higher weight analogue
for all finite order characters χ :
and Ω f k ,N − are as above. The proof of Theorem 1 is thus an immediate consequence of the following.
Theorem 2. Let k ≥ 2 be an even integer. Then
where λ k is a nonzero constant.
Our construction of L an p (f /K) is based on the p-adic Jacquet-Langlands correspondence in p-adic families, and the constant λ k in Theorem 2 in an "error term" arising in part from the interpolation of the automorphic forms associated with the different forms f k in the family. By construction,
, while the relation between L an p (f /K) and Θ alg ∞ (f ) can be easily established by tracing through the construction of big Heegner points, giving rise to the proof of Theorem 2.
The organization of this paper is the following. In Sect. 1, we briefly recall the construction of big Heegner points in the definite setting, while in Sect. 2 we recall the construction of the higher weight theta elements θ ∞ (f k ) of Chida-Hsieh. Then, making use of the JacquetLanglands correspondence in p-adic families in the form discussed in Sect. 3, in Sect. 5 we construct the two-variable p-adic L-function L an p (f /K), and give the proof of our main results. Finally, we conclude this Introduction by noting that some of the ideas and constructions in this paper play an important role in a forthcoming work of the authors in collaboration with C.-H. Kim [CKL] , where we consider anticyclotomic analogues of the results of [EPW06] on the variation of Iwasawa invariants in Hida families.
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Big Heegner points
As in the Introduction, let N = N + N − be a positive integer prime to p ≥ 5, where N − is the square-free product of an odd number of primes, and let K/Q be an imaginary quadratic field of discriminant −D K < 0 prime to N p such that every prime factor of pN + (resp. N − ) splits (resp. is inert) in K.
In this section, we briefly recall from [LV11] the construction of big Heegner points in the definite setting. There is some flexibility in a number of the choices made in the construction of loc.cit., and here we make specific choices following [CH13] .
1.1. Definite Shimura curves. Let B/Q be the definite quaternion algebra of discriminant N − . We fix once and for all an embedding of Q-algebras K ֒→ B, and thus identity K with a subalgebra of B. Denote by z → z the nontrivial automorphism of K/Q, and choose a basis {1, j} of B over K with
• j 2 = β ∈ Q × with β < 0,
where Tr and Nm are the reduced trace and reduced norm maps on B, respectively. For each prime q ∤ N p, fix any isomorphism i q :
For each m ≥ 0, let R m ⊂ B be the standard Eichler order of level N + p m with respect to our chosen {i q : B q ≃ M 2 (Q q )} q∤N − , and let U m ⊂ R × m be the compact open subgroup defined by
Consider the double coset spaces
where b ∈ B × act on left on the class of a pair (
and U m acts on B × by right multiplication. As explained in [LV11, §2.1], X m (K) is naturally identified with the set K-rational points of certain curves of genus zero defined over Q. If σ ∈ Gal(K ab /K) and P ∈ X m (K) is the class of a pair (Ψ, g), then we set
where a ∈ K × \ K × is such that rec K (a) = σ under the Artin reciprocity map. This is extended to an action of G K := Gal(Q/K) by letting σ ∈ G K act as σ| K ab .
Compatible systems of Heegner Points.
Let O K be the ring of integers of K, and for each integer c ≥ 1 prime to N , let O c := Z + cO K be the order of K of conductor c.
and
p , where Ψ p is the p-component of the adèlization of Ψ, and U m,p is the p-component of U m .
In other words,
p . The following result is fundamental for the construction of big Heegner points. Theorem 1.2. There exists a system of Heegner points P p n ,m ∈ X m (K) of conductor p n+m , for all n ≥ 0, such that the following hold. 
]).
Fix a decomposition N + O K = N + N + , and define, for each prime q = p,
and for each n ≥ 0,
, and let ı K : K ֒→ B be the inclusion. For all n ≥ 0, it is easy to see that the point
is a Heegner point of conductor p n+m on X m (K). The proof of (1) 1.3. Hida's big Hecke algebras. In order to define a "big" object assembling the compatible systems of Heegner points introduced in §1.2, we need to recall some basic facts about Hida theory for GL 2 and its inner forms. We refer the reader to [LV11, § §5-6] (and the references therein) for a more detailed treatment of these topics than what follows. As in the Introduction, let f = ∞ n=1 a n (f )q n ∈ S k 0 (Γ 0 (N p)) be an ordinary p-stabilized newform (in the sense of [GS93, Def. 2.5]) of weight k 0 ≥ 2 and trivial nebentypus, defined over a finite extension L/Q p . In particular, a p (f ) ∈ O × L , and f is either a newform of level N p, or arises from a newform of level N . Let ρ f : G Q := Gal(Q/Q) → GL 2 (L) be the Galois representation associated with f . Since f is ordinary at p, the restriction of ρ f to a decomposition group D p ⊂ G Q is upper triangular. Assumption 1.3. The residual representationρ f is absolutely irreducible, and p-distinguished, i.e., writingρ f | Dp ∼ ε * 0δ , we haveε =δ. For each m ≥ 0, set Γ 0,1 (N, p m ) := Γ 0 (N ) ∩ Γ 1 (p m ), and denote by h m the O L -algebra generated by the Hecke operators T ℓ for ℓ ∤ N p, the operators U ℓ for ℓ|N p, and the diamond operators a for a ∈ (Z/p m Z) × , acting on S 2 (Γ 0,1 (N, p m ), Q p ). Let e ord := lim n→∞ U n! p be Hida's ordinary projector, and define
where the limit is over the projections induced by the natural restriction maps. Similarly, let T m be the quotient of h m acting faithfully on the subspace of S 2 (Γ 0,1 (N, p m ), Q p ) consisting of forms that are new at the primes dividing N − , and set
], where Γ = 1 + pZ p . These Hecke algebras are equipped with natural
p ]]-algebra structures via the diamond operators, and by a well-known result of Hida, h ord is finite and flat over Λ.
The eigenform f defines an O L -algebra homomorphism λ f : h ord → O L factoring through the canonical projection h ord → T ord , and we let h ord m (resp. T ord n ) be the localization of h ord (resp. T ord ) at ker(λ f ). Moreover, there are unique minimal primes a ⊂ h ord m (resp. b ⊂ T ord n ), such that λ f factor through the integral domain
is given by γ → ψ(γ)γ k−2 , for some integer k ≥ 2 and some finite order character ψ : Γ → Q × p . We then say that κ has weight k, character ψ, and wild level p m , where m > 0 is such that ker(ψ) = 1 + p m Z p .
Denote by X arith (I) the set of arithmetic primes of I, and for each κ ∈ X arith (I), let F κ be the residue field of p κ := ker(κ) ⊂ I, which is a finite extension of Q p with valuation ring O κ .
For each n ≥ 1, let a n ∈ I be the image of T n ∈ h ord under the natural projection h ord → I, and form the q-expansion f = ∞ n=1 a n q n ∈ I[[q]]. By [Hid86, Thm. 1.2], if κ ∈ X arith (I) is an arithmetic prime of weight k ≥ 2, character ψ, and wild level p m , then
is (the q-expansion of) an ordinary p-stabilized newform 
for all z ∈ Z × p .
1.4. Big Heegner points in the definite setting. Let D m be the submodule of Div( X m ) supported on points in X m (K), and set
Let I † be the free I-module of rank one equipped with the Galois action via Θ −1 , and define
Let P p n ,m ∈ X m (K) be the system of Heegner points introduced in §1.2, and denote by P p n ,m the image of e ord P p n ,m in D m . By Theorem 1.2(2) we then have
, and hence P p n ,m defines an element
. Moreover, by Theorem 1.2(3) the classes
Definition 1.5. The big Heegner point of conductor p n is the element
where
Here, m I is the maximal ideal of I, and k I := I/m I is its residue field. By [LV11, Prop. 9.3], Assumption 1.6 implies that the module J is free of rank one over I; this assumption will be in force throughout the rest of this paper.
Let Γ ∞ = lim ← −n Gal(K n /K) be the Galois group of the anticyclotomic Z p -extension K ∞ /K. For each n ≥ 0, set
Definition 1.7. Fix an isomorphism η : J → I. The n-th big theta element attached to f is the element Θ
where η Kn is the composite map
Remark 1.8. Plainly, two different choices of η in Definition 1.7 give rise to elements Θ alg n (f ) which differ by a unit in I ⊂ I[Γ n ]. Following [LV11, § §9.2-3], this dependence on η will not be reflected in the notation, but note that for the proof of our main result (Theorem 4.6 below), a certain "normalized" choice of η will be made.
Using Theorem 1.2(3), one easily checks that the elements Θ Definition 1.9. The algebraic two-variable p-adic L-function attached f and K is the element
given by γ → γ −1 on group-like elements.
Special values of L-series
2.1. Modular forms on definite quaternion algebras. Let B/Q be a definite quaternion algebra as in §1.1. In particular, we have a Q p -algebra isomorphism i p :
Definition 2.1. Let M be a Z p -module together with a right linear action of the semigroup M 2 (Z p ) ∩ GL 2 (Q p ), and let U ⊂ B × be a compact open subgroup. An M -valued automorphic form on B of level U is a function φ :
for all b ∈ B × , g ∈ B × and u ∈ U . Denote by S(U, M ) the space of such functions.
For any Z p -algebra R, let
be the module of homogeneous polynomials P (X, Y ) of degree k − 2 with coefficients in R, equipped with the right linear action of M 2 (Z p ) ∩ GL 2 (Q p ) given by 
In the following, for each κ ∈ X arith (I) of weight k ≥ 2 and wild level p m , we will denote by φ fκ ∈ S k (U m ) an automorphic form on B with the same system of Hecke-eigenvalues as f κ . By multiplicity one, φ fκ is determined up to a scalar in F × κ , and we assume φ fκ is p-adically normalized in the sense of [CH13, p.18], so that φ fκ is defined over O κ , and φ fκ ≡ 0 (mod p).
2.3.
Higher weight theta elements. We recall the construction by Chida-Hsieh [CH13] of certain higher weight analogues of the theta elements introduced by Bertolini-Darmon [BD96] in the elliptic curve setting.
Let f = ∞ n=1 a n (f )q n ∈ S k (Γ 0 (N p)) be an ordinary p-stabilized newform of weight k ≥ 2 and trivial nebentypus, defined over a finite extension L of Q p with ring of integers O L .
For any ring A, let L k (A) be the module of homogeneous polynomials P (X, Y ) of degree k − 2 with coefficients in A, equipped with left action ρ k of GL 2 (A) given by
for all g ∈ GL 2 (A), and define the pairing , k on L k (A) by setting
where 
Note that the denominator (k − 2)! arises from the definition of , k (cf. Remark 2.5), and let θ n (f ) be the image of ϑ n+1 (f ) under the projection
for all z ∞ ∈ (K ⊗ Q R) × , and define the p-adic avatar χ :
for all a ∈ K × , where a p ∈ (K ⊗ Q Q p ) × is the p-component of a. If χ has conductor p n , then χ factors through G n , which we shall identify with the Galois group Gal(H p n /K) via the (geometrically normalized) Artin reciprocity map.
Theorem 2.4. Let χ be the p-adic avatar of a Hecke character χ of K of infinity type (m, −m) with −k/2 < m < k/2 and conductor p s . Then for all n ≥ max {s, 1}, we have
Proof. This is [CH13, Prop. 4.3].
Remark 2.5. For our later use, we record the following simplified expression for the n-th theta element ϑ
an immediate calculation reveals that
Also, note that in this case ϑ n (f ) are compatible under the projections
, and hence they define an element
in the completed group ring
where x → x * is the involution on
where ǫ(f ) is the root number of f , and p ]] and T ℓ , for ℓ ∤ N − . For every κ ∈ X arith (I) of weight k ≥ 2, character ψ, and wild level p m , there is a specialization map ρ κ :
where ε κ = ψω k 0 −k is the nebentypus of f κ , and we denote by
the induced maps on automorphic forms. Every element Φ ∈ S(U 0 , D I ) thus gives rise to a p-adic family of automorphic forms ρ κ, * (Φ) parameterized by κ ∈ X arith (I).
] be a Hida family. For any arithmetic prime κ ∈ X arith (I) of weight k ≥ 2 and wild level p m , let p κ ⊂ I be the kernel of κ. Then the specialization map ρ κ, * induces an isomorphism
Proof. Under slightly different conventions, this is shown in [LV12] by adapting the arguments in the proof of [GS93, Thm.(5.13)] to the present context.
For any Φ ∈ S(U 0 , D I ) and κ ∈ X arith (I), we set Φ κ := ρ κ, * (Φ). Proof. We begin by noting that Assumption 1.6 forces the space S(U 0 , D I ) to be free of rank one over I. Indeed, being dual to the k I -vector space J/m I J, Assumption 1.6 implies that
is one-dimensional. By Nakayama's Lemma, we thus have a surjection I → S(U 0 , D I ), whose kernel will be denoted by M . If p κ ⊂ I is the kernel of any arithmetic prime κ ∈ X arith (I) (say of wild level p m ), we thus have a surjective map
where the last isomorphism is given by Proposition 3.1. In particular, it follows that (I/M ) pκ = 0 and by [Mat89, Thm. 6 .5] this forces the vanishing of M . Hence S(U 0 , D I ) ∼ = I, as claimed. Now, if Φ is any generator of S(U 0 , D I ), then Φ κ spans S k (U m ; F κ )[f κ ] for all κ ∈ X arith (I), and hence Φ κ = λ κ · φ fκ for some nonzero λ κ ∈ O κ , as was to be shown.
Remark 3.3. It would be interesting to investigate the conditions under which the constants λ κ ∈ O κ are p-adic units, so that Φ κ is p-adically normalized.
Remark 3.4. In the absence of Assumption 1.6, the conclusion of Corollary 3.2 holds only locally, i.e., for every κ 0 ∈ X arith (I), there exists a neighborhood U κ 0 of κ 0 such that Φ κ = λ κ · φ fκ for all κ ∈ U k 0 .
3.2. Duality. The following observations will play an important role in the proof of our main results. We refer the reader to [SW99, § §3.2,3.7] for a more detailed discussion.
Fix an integer m ≥ 1, let O be the ring of integers of a finite extension of Q p , and assume that c m (
where τ m ∈ B × is the Atkin-Lehner involution, defined by τ m,q = 0 1 −p m N + 0 if q|pN + , and τ m,q = 1 if q ∤ pN + . It is easy to see that , m is Hecke-equivariant. Letting S 2 (U m ; O) + be the module S 2 (U m ; O) with the Hecke action composed with τ m , we thus deduce a Hecke-module isomorphism Definition 4.1. For each κ ∈ X arith (I) and n ≥ 0, let
is the Heegner point of conductor p n+1 on X 0 (K) defined in the proof of Theorem 1.2.
Lemma 4.2. If κ ∈ X arith (I) has weight 2, then the projection map π n n−1 :
We thus find, using that κ has weight 2 for the last equality, that
and the result follows. 
Proof. Let κ ∈ X arith (I) have weight 2 of level p m , and let P p n+1 be the big Heegner point of conductor p n+1 (see Definition 1.5). In view of the definitions, it suffices to show that
for all n ≥ m, which in turn is implied by the equality
On the other hand, since κ has weight 2, by definition of the specialization map we have
Comparing the last two equalities, we see that (9) holds, whence the result.
4.2.
Higher weight specializations of big Heegner points. In this section, we relate the higher weight specializations of the "big" theta elements Θ ∞ (f ) to the theta elements θ ∞ (f κ ) of Chida-Hsieh. This is the key ingredient for the proof of our main results.
be as in Lemma 4.4, and let κ ∈ X arith (I) be an arithmetic prime of weight k ≥ 2 and trivial nebentypus. Then
where λ κ is as in Corollary 3.2 and θ ∞ (f κ ) is the theta element of Chida-Hsieh (see §2.4).
Proof. It suffices to show that both sides of the purported equality agree when evaluated at infinitely many characters of Γ ∞ . Thus let χ : Γ ∞ → C × p be the p-adic avatar of a Hecke character χ of K of infinity type (m, −m) and conductor p s , where
and s ≥ 0 is any non-negative integer. Let n > s. The expression defining L an n (f /K; κ) (see Definition 4.1) depends continuously on κ, and hence from the equality of Proposition 4.4 we deduce that
using the fact that integrating dΦ(P σ p n+1 )(x, y) against κ(x) = x k−2 recovers the coefficient of Y k−2 of Φ κ (P σ p n+1 ) for the second equality, as apparent from (6). (See Remark 2.5.) We thus find
using Remark 2.5 and [CH13, Thm. 4.6] for the penultimate and last equalities, respectively. This congruence holds for all n > s, and hence
Letting χ vary, the result follows.
As a consequence of the above result, we deduce that the two-variable p-adic L-function L Proof. After Proposition 4.5, this follows immediately from the definitions.
Remark 4.7. If we do not insist in the particular choice of isomorphism η from Corollary 3.5, then the equality in Theorem 4.6 holds up to a unit in O × κ (cf. Remark 1.8).
Main results
In this section, we relate the higher weight specializations of the theta elements constructed from big Heegner points to the special values of certain Rankin-Selberg L-functions, as conjectured in [LV11] . Following the discussion [loc.cit., §9.3], we begin by recalling the statement of this conjecture.
Let κ ∈ X arith (I) be an arithmetic prime of even weight k ≥ 2, and let f κ be the associated ordinary p-stabilized newform. In view of (1), for all z ∈ Z × p we have θ κ (z) = z k/2−1 ϑ κ (z), where ϑ κ : Z × p → F × κ is such that ϑ 2 κ is the nebentypus of f κ ; in particular, the twist f † κ := f κ ⊗ ϑ Recall that an arithmetic prime κ ∈ X arith (I) is said to be exceptional if it has weight 2, trivial wild character, and κ(a p ) 2 = 1. Denote by w f ∈ {±1} the generic root number of the Hida family f , so that for every non-exceptional κ ∈ X arith (I) the L-function of f † κ over Q has sign w f in its functional equation.
Conjecture 5.1 ([LV11, Conj. 9.14]). Let κ ∈ X arith (I) be a non-exceptional arithmetic prime of even weight k ≥ 2, and let χ : Γ ∞ → C × p be a finite order character. If w f = 1, then L alg p (f /K; κ, χ) = 0 ⇐⇒ L K (f † κ , χ, k/2) = 0. In view of Gross' special value formula [Gro87] , it is natural to expect Conjecture 5.1 to be a consequence of a finer statement whereby κ(L alg p (f /K)) would give rise to a p-adic L-function interpolating the central critical values L K (f † κ , χ, k/2) as χ varies. For κ ∈ X arith (I) of weight 2, this indeed follows from the discussion in the previous section combined with Howard's "twisted" Gross-Zagier formula [How09] . (See [LV14, §5] .) The corresponding statement in higher weights is the main result of this paper, which shows that the interpolation property in fact holds for a more general family of algebraic characters of Γ ∞ .
Theorem 5.2. Let κ ∈ X arith (I) be an arithmetic prime of weight k ≥ 2 and trivial nebentypus, and let χ : Γ ∞ → C × p be the p-adic avatar of a Hecke character of K of infinity type (m, −m) with −k/2 < m < k/2 and conductor p n . Then
where λ κ is as in Corollary 3.2, ǫ(f κ ) is the root number of f κ , and C p (f κ , χ), E p (f κ , χ), and Ω fκ,N − are as in Theorem 2.4. In particular, if κ is non-exceptional, Conjecture 5.1 holds.
